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Motivating example: Pyridine data
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Motivating example: Pyridine data
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Motivating example: Pyridine data
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0 50 100 250 500 1000
Pyridine Concentration (in ppm)

Weight difference after 90 days

» N = 120 rats (60 male and 60 female) were randomized to six different dose levels
» n;; = 10 animals per dose/sex
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» GPC effect sizes: related to the probability that the outcome of a subject in one group
(A =1) is favourable compared to the outcome of a subject from another group (A = 0).

> Eg: P(Y <Y*[A=0,4" =1).

» When ties are possible, a popular adaptation is the effect size

O=PY <Y*|A=0,4* =1)+05P(Y = Y*[A=0,4" =1):= P(Y < Y*[A=0,A4%* = 1),

which will be referred to as the probabilistic index (PI).

» In presence of covariates: conditional Pl

P(Y 2 Y*|A=0,4" =

1,X =X*)
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Methodology
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Probabilistic Index Model x‘DS'
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» Pl can be estimated using Probabilistic Index Model (PIM) as introduced by Thas et al.
(2012):

g(P(Y S YT[A, A", X, X)) = By + Ba(A" = A) + B (X* - X),

where g(.) is a link function.

> PIM expressed in terms of pseudo-observations I;;:
E{I(Y YA A X, X"} = P(Y S YA, A", X, X*) = g7 (Z'D),
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Probabilistic Index Model
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» Parameter estimates based on solving estimating equation

U.B) = > A(Zi;B){L; —g " (Z};8)} =0,
(4,)ELn
A(Z:P) = %g_l(zégﬂ)V—l(g‘l(Zéjﬁ)),

where V=1 (g7 (Z};8)) = 9" (Z};8)(1 — g~ '(Z};8)) is equal to the variance of the
pseudo-observations I;;
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U.B) = > A(Zi;B){L; —g " (Z};8)} =0,

A(Ziﬁ B)

pseudo-observations I;;
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0 12,8V (g~ (Z,,8)),

where V=1 (g7 (Z};8)) = 9" (Z};8)(1 — g~ '(Z};8)) is equal to the variance of the

> Problem: Asymptotic estimation theory is not applicable if the sample size is small (< 50)
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Probabilistic Index Model

DATA SCIENCE INSTITUTE

»» | UHASSELT

» Parameter estimates based on solving estimating equation

U.B) = > A(Zi;B){L; —g " (Z};8)} =0,

(1,J)ELn
" P
A(Z;:8) = %g_l(Z;jﬁ)V_l(g_l(ZQjIB)%

where V=1 (g7 (Z};8)) = 9" (Z};8)(1 — g~ '(Z};8)) is equal to the variance of the
pseudo-observations I;;

> Problem: Asymptotic estimation theory is not applicable if the sample size is small (< 50)

» Huge improvement by Amorim et al. (2015), who introduced a bias-reduced adjusted
jackknife empirical likelihood procedure
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PIM within GEE framework
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Pseudo-observations Clusterl | Cluster2 | Cluster3 | Pseudo-covariates
YlGEE =1 = Iy11<y21 1 1 1 X?EE = Z11
}/2GEE =l = Iy11<y22 1 2 2 XgEE = Z12
}/?)GEE =l = Y11 <Y23 1 3 3 XgEE Z13
Y4GEE =Io1 = Iy, <yn 2 1 4 XEEE =%
}/SGEE =1y = Iy1z<y22 2 2 5 XEEE = Z92
}/GGEE =Ip3 = Yy12<Y23 2 3 6 XgEE 223
Y7GEE =13 = Iy13<yz1 3 1 7 X?EE = %31
}/8GEE =13 = Iy13<y22 3 2 8 XgEE = %32
YYQGEE = I33 = Y13<Y23 3 3 9 XEEE = Z33
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Pseudo-observations Clusterl | Cluster2 | Cluster3 | Pseudo-covariates
YlGEE =1 = Iy11<y21 1 1 1 X?EE = Z11
}/2GEE =l = Iy11<y22 1 2 2 XgEE = Z12
}/?)GEE =l = Y11 <Y23 1 3 3 X:)C,;EE Z13
Y4GEE =Io1 = Iy, <yn 2 1 4 XEEE =%
}/SGEE =1y = Iy1z<y22 2 2 5 X?EE = Z22
}/GGEE =Ip3 = Yy12<Y23 2 3 6 XgEE 223
Y7GEE =13 = Iy13<yz1 3 1 7 X?EE = %31
}/8GEE = I3 = Iy13<y22 3 2 8 XgEE = Z32
YIJGEE = I3 = Yy13<y23 3 3 9 XEEE = %33

» Two non-nested levels of clustering
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Pseudo-observations Clusterl | Cluster2 | Cluster3 | Pseudo-covariates
YlGEE =1 = Iy11<y21 1 1 1 X?EE = Z11
}/2GEE =l = Iy11<y22 1 2 2 XgEE = Z12
}/?)GEE =l = Y11 <Y23 1 3 3 X:)C,;EE Z13
Y4GEE =Io1 = Iy, <yn 2 1 4 XEEE =%
}/SGEE =1y = Iy1z<y22 2 2 5 X?EE = Z22
}/GGEE =Ip3 = Yy12<Y23 2 3 6 XgEE 223
Y7GEE = I3 = Iy13<yz1 3 1 7 X?EE = %31
}/8GEE = I3 = Iy13<y22 3 2 8 X?EE = %32
YIJGEE = I33 = Y13<Y23 3 3 9 ng'EE = Z33

» Two non-nested levels of clustering

» Correct inference for GEEs with non-nested clusters provided by Miglioretti and Heagerty

(2004)
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Pseudo-observations Clusterl | Cluster2 | Cluster3 | Pseudo-covariates
YlGEE =1 = Iy11<y21 1 1 1 X?EE = Z11
}/2GEE =l = Iy11<y22 1 2 2 XgEE = Z12
}/?)GEE =l = Y11 <Y23 1 3 3 X:)C,;EE = Z13
Y4GEE =Io1 = Iy, <yn 2 1 4 XEEE =%
}/SGEE =1y = Iy1z<y22 2 2 5 X?EE = %22
}/GGEE =Ip3 = Yy12<Y23 2 3 6 X?EE = %23
Y7GEE = I3 = Iy13<yz1 3 1 7 X?EE = %31
}/8GEE = I3 = Iy13<y22 3 2 8 X?EE = %32
}/QGEE = I3 = Yy13<y23 3 3 9 XgEE = Z33

» Two non-nested levels of clustering

» Correct inference for GEEs with non-nested clusters provided by Miglioretti and Heagerty

(2004)

» Several small-sample corrections available as well (e.g. MacKinnon, 1985; Fay and
Graubard, 2001; Morel et al., 2003, ...)
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Proposed method (Step 1) x‘DS'
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» Following Miglioretti and Heagerty (2004), fit 3 working independence GEE models,
clustering on Clusterl, Cluster2 and Cluster3

g(prs) = Xpjo
K
Ule) =Y DLV H(YTPE — ) =0,
k=1

—1 K —1
VELE — (ZD’ _1D> M, <ZD;V;1D> ,

k=1
K
Mz =Y DV 'Coo(Y{FP)zV'D.
k=1
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Proposed method (Steps 2 and 3)
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» Apply small-sample correction to the three variance-covariance matrices V?EE, VQGEE,

V?C:‘EE
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Proposed method (Steps 2 and 3)
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» Apply small-sample correction to the three variance-covariance matrices V?EE, VQGEE,

V?C;'EE

» 8 adjustments considered, most promising results from Morel et al. (2003)

'n,*fl K—1
—p K—p

® MyBN =1, MLZ,wheren*—ZkKlnk

* VN = BLZMMBNBLZ +6%Brz, where § = min(0.5

trace{ By z M 7}
X = max(1; e e— ).

-~ p)and
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Proposed method (Steps 2 and 3)
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» Apply small-sample correction to the three variance-covariance matrices V?EE, VQGEE,
GEE
Vs

» 8 adjustments considered, most promising results from Morel et al. (2003)

*71 K—1 K
® Mypn =2 — K pMLZ, where n* =377 ny
o VGEE = BLzMMBNBLZ + 6Bz, where § = min(0.5, - p) and
g = max(l trace{BLpZMLZ})
» Combine into final variance-covariance matrix through
GEE GEE GEE GEE
\4 =Viieni tViene — Viiengs
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Proposed method (Steps 2 and 3)
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» Apply small-sample correction to the three variance-covariance matrices V?EE, VQGEE,
GEE
Vs

» 8 adjustments considered, most promising results from Morel et al. (2003)

*71 K—1 K
® Mypn =2 — K pMLZ, where n* =377 ny
o VGEE = BLzMMBNBLZ + 6Bz, where § = min(0.5, - p) and
X max(l trace{BLpZMLZ})
» Combine into final variance-covariance matrix through
GEE GEE GEE GEE
\4 =Viieni tViene — Viiengs

Extra: separation issues can be dealt with when logit link is used, currently only with MBN
adjustment
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Generating model

» Model:

Yi=onXy+oaXy+-+opXpi+e, i=1,...,n,

€;| X; are 11D N(0,1)
X is a balanced group indicator (e.g. treatment)

DATA SCIENCE INSTITUTE

»» | UHASSELT

Covariate-adjusted generalized pairwise comparisons in small samples

S. Jaspers, J. Verbeeck, O. Thas




Generating model x'DSI
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» Model:
Yi=onXy+oaXy+-+opXpi+e, i=1,...,n,

€;| X; are 11D N(0,1)
X is a balanced group indicator (e.g. treatment)
» Corresponding PIMs:

(I)_l(P {Y —\<Y*|X17XI(7X27X§7" Xan } ﬂl Xl X1)+/82(X;_X2)++ﬂP(X;_XP)7
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Generating model X*DSI
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» Model:
Yi=onXy+oaXy+-+opXpi+e, i=1,...,n,

€;| X; are 11D N(0,1)
X is a balanced group indicator (e.g. treatment)
» Corresponding PIMs:

(I)_l(P {Y —\<Y*|X17XI(7X27X§7" Xan } ﬂl Xl X1)+/82(X;_X2)++ﬂP(X;_XP)7

THPLY S YHXD < X1, X2, X5, X, X ) = 01 4+ 02(Xs — Xo) 4o+ 6p(Xp — Xp)
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Generating model
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» Model:
Y;':Ollei+C¥2X21'—|—"'—|—OZPXI,IL'—|—6,', 1=1,...

€;| X; are 11D N(0,1)
X is a balanced group indicator (e.g. treatment)
» Corresponding PIMs:

(I)_l(P {Y < Y*|X17XI(7X27X§7 o Xan } ﬂl Xl X1)+/82(X;_X2)+ : +ﬂP(X;_XP)a
THPLY S YHXD < X1, X2, X5, X, X ) = 01 4+ 02(Xs — Xo) 4o+ 6p(Xp — Xp)

» n = 14, 16, 20, 24, 30 observations
» 1000 simulation runs with

» a1 :0,0.5,1 (51 = :Oq/\ﬁ)
» p=24,6
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Generating model
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» Model:
Y;':Ollei+C¥2X2¢—|—"'—|—OZPXP¢—|—€,', 1=1,...

€;| X; are 11D N(0,1)
X is a balanced group indicator (e.g. treatment)
» Corresponding PIMs:

(I)_l(P {Y < Y*|X17XT,X27X§7 o Xan } ﬂl Xl X1)+/82(X;_X2)+ : +/BP(X;_XP)5
THPLY S YHXD < X1, X2, X5, X, X ) = 01 4+ 02(Xs — Xo) 4o+ 6p(Xp — Xp)

» n = 14, 16, 20, 24, 30 observations
» 1000 simulation runs with

» a1 :0,0.5,1 (51 = :Oq/\ﬁ)
» p=24,6

» Coverage of 95% confidence intervals of treatment parameter
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Coverage of the 95% confidence intervals (p =

2)
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PIM

BR-AJEL

AJEL

MBN

p o N Pan wL GsT KC MD MK FG
2 0 14 87.50 95.07 9483 9543 s018 9603 9411 9603 9399 9363  9LI1
16 90.47 96.10 95.87 96.44 9231 9701 9564 9724 9575 9495 9334
20 92.84 97.12 96.47 96.15 9263 o701 9605 9733 9626 9583  94.44
24 9223 97.03 95.60 95.19 9274 9601 9530 9622 9510 9448 9325
30 92.65 96.37 94.86 95.17 9215 9527 9436 9658 9517 9476  94.06
05 14 86.83 93.73 94.10 96.24 5931 9661 9548 9573 9473 9435 9260
16 90.14 96.88 95.38 96.38 9026 9663 9600 9688 9538 9476  94.01
20 91.39 95.81 96.15 96.38 9241 9649 0490 9706 9604 9490  92.98
24 9261 96.79 95.82 9550 9304 9604 9520 9700 9550 9518 9411
30 92.04 96.38 9545 95.24 9224 9586 9483 9721 9524 9462 9359
1 14 83.64 91.44 93.43 9572  s6s4 9679 9450  97.00 9327 9266  93.12
16 87.01 94.26 9471 96.53 9033 9668 9411 9577 9335 9305  91.84
20 89.90 95.02 95.44 9474 o181 9530 9405 9585 9378 9336  92.30
24 92.32 95.91 95.04 9480 o281 9579 9492 0715 9442 9405  93.06
30 91.41 95.19 9473 94.39 9210 9462 9336 9622 9462 9393 9244
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Coverage of the 95% confidence intervals (p =

4)
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PIM

BR-AJEL

AJEL

MBN

p o N Pan wL GsT KC MD MK FG
4 0 14 78.90 81.60 90.12 9459 7850 9792 9782 9511 9584 9615 8815
16 81.99 88.00 90.84 95.02 s210 9705 9725 9512 9664 9624 8830
20 88.32 93.71 93.60 96.24  s660 9665 9543 9553 9624 9604  90.76
24 88.33 94.06 92.76 9557 843 9547 9527 9497 9537 9487  90.14
30 90.47 94.38 93.48 94.88 s997 9458 9418 9559 9539 9498  91.88
05 14 78.75 76.64 89.53 95.14 7844 9683 9780 9450 9514 9567  88.60
16 82.77 85.54 90.77 94.87 s287 9764 9723 9436 9560 9560  89.03
20 87.64 91.59 93.52 9574 ss12 9676 9615 9463 9574 9544  90.68
24 86.75 92.57 91.97 9548 s725 9498 9388 9378 9498 9438  88.65
30 89.44 93.56 93.56 93.96 s04s 9416 9376 9376 9447 9376  91.05
1 14  76.19 72.54 88.15 96.01 7863 9612 9767 9524 9502 9391  90.48
16 80.23 80.34 89.27 96.49 s204 9724 9702 9490 9426 9384  90.12
20 8381 86.70 92.16 94.85 8340 9639 9505 9280 9268 9216  87.22
24 84.99 91.37 91.78 94.66 s541 9496 9394 0147 9311 9291  87.26
30 89.04 93.55 93.24 94.16 863 9436 9416 9201 9355 9334 8975
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Coverage of the 95% confidence intervals (p =

6)
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PIM

BR-AJEL

AJEL

MBN

p o N Pan wL GsT KC MD MK FG
6 0 14 70.00 55.36 79.05 9429 7205 8857 9952 9714 9857 9952 9274
16 77.79 66.63 86.80 94.74 7253 9700 9946 9635 9850  99.14  90.02
20 79.43 78.31 87.68 90.84 7556 9633 9664 9308 9582 9644  84.32
24 83.15 88.09 90.01 93.54 5032 9556 9536 9415 958 9586 8597
30 88.40 93.10 9270 95.20 510 9540 9530 9540 9630 9580  89.50
05 14 68.56 48.61 81.44 9432 7378 8680 9910 9548 9849 9977  92.34
16 75.57 62.81 85.95 94.05 7178 9589 9957 9600 9816  99.46  88.32
20 77.99 76.66 87.41 92.02 7472 9672 9662 9222 9601 9621 8506
24 82.05 85.86 89.37 9278 s064 9500 9468 9298 9388 9468 8516
30 86.40 92.00 91.80 94.90 s220 9460 9440 9310 9540 9560  88.40
1 14 67.80 43.66 79.88 96.22 7288 8451 9902 9659 9820 9976  93.05
16 76.22 58.67 85.67 95.89 7380 9322 9889 9433 9744 9844  OLIl
20 75.54 73.59 86.33 92.09 7338 9661 9723 9239 9507 9579  86.43
24 82.56 84.27 88.81 91.83 7984 9526 9567 8011 9365 9435  84.88
30 85.54 90.56 91.67 94.28 8343 9488 9408 8956 9428 9488  86.95
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Data Application
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Pyridine data

CRLED

Weight difference after 90 days
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Pyridine Concentration (in ppm)

Sex
1=

e,

1000

DATA SCIENCE INSTITUTE

»» | UHASSELT

Covariate-adjusted generalized pairwise comparisons in small samples

S. Jaspers, J. Verbeeck, O. Thas

(18]




Results for male rats

0
ppm

50
ppm

100
ppm

250
ppm

500
ppm

PI (C1)
Unadj p
Adj p
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Male rats
50 ppm 100 ppm 250 ppm 500 ppm 1000 ppm
71.7 (36.7;91.7) 73.93 (27.7;95.5) 63.32 (26.2;89.4) 7.9 (1.5;32.6) <0.01 (<0.01;<0.01)
0.2142 0.3039 0.4946 0.0058 < 0.0001
0.4015 0.5362 0.7809 0.0175 <0.0001

58.82 (25.9;85.4)
0.6169
0.8591

44.64 (17.9;74.8)

38.83 (12.8;73.3)
0.5394
0.8091

8.62 (1.2;41.7)
0.0229
0.0572

1.01 (0.2;5.7)
<0.0001
<0.0001

5.48 (0.79;29.7)
0.0054
0.0175

<0.01 (<0.01;<0.01)
<0.0001
<0.0001

<0.01 (<0.01;<0.01)
<0.0001
<0.0001

<0.01 (<0.01;<0.01)
<0.0001
<0.0001

<0.01 (<0.01;<0.01)
<0.0001
<0.0001
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Results for female rats

0
ppm

50
ppm

100
ppm

250
ppm

500
ppm

PI(CI)
Unadj p
Adj p
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Female rats
50 ppm 100 ppm 250 ppm 500 ppm 1000 ppm
42.78 (14.9;76.2) 60.83 (4.6;98.04) 45.23 (15.6;78.7) 9.18 (0.7;59.5) 1.04 (0.1;7.4)
0.6921 0.8019 0.8005 0.0924 <0.0001
0.8591 0.8591 0.8591 0.2131 0.0001

57.61 (18.8;88.9)
0.7311
0.8591

49.92 (19;80.9)
0.9964
0.9964

61.16 (19.0;91.4)

19.25 (3.5;61)
0.1336
0.2672

50.76 (8.5;,92)
0.9802
0.9964

56.68 (14.2;91.2)
0.7971
0.8591

<0.01 (<0.01;<0.01)
<0.0001
<0.0001

3.56 (0.06;69.6)
0.1156
0.2478

11.75 (2.5;40.6)
0.0163
0.0445

24.49 (1.6;86.5)
0.4546
0.7577
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R code available
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require(devtools) Dose weight_use CreatT5 TPTS ALBTS
install_github("JaspersStijn/SmallSamplePIMFinal”,force=TRUE); 1 0 207.9 0.5 6.5 3.3
2 ] 203.3 0.5 6.4 3.5

library("SmallSamplePIM") 3.0 1912 05 6.3 3.3
4 o 185.1 0.4 6.6 3.7

5 0 206.2 0.5 6.2 3.6

fit = GEE_MH_fit(data=subset_to_be_fitted, 6 ) 211.0 0.5 5.9 3.6
response="weight_use", 7 ] 181.4 2.5 6.4 3.1

treatment 8 ] 200.5 0.5 6.3 3.6

control = c("CreatT5","TPT5","ALBTS"), 9 [} 181.1 0.5 6.3 3.7

correction = "Firth", 10 ) 227.3 0.5 6.2 3.3

link="logit") 1 50 169.5 0.5 6.3 3.5

12 50 210.8 0.5 6.0 3.2

13 50 202.2 0.6 6.7 3.8

> expit(fit$beta_est);fit$pval 14 s 213.4 0.5 6.2 3.5
[1] 0.7169745 15 50 215.9 0.4 6.3 3.7
[1] 0.2141575 16 50 214.0 0.5 6.7 3.5
17 50 200.1 0.6 6.4 3.9

18 50 210.4 0.5 6.4 3.4

19 50 215.5 0.6 6.7 3.7

20 50 200.7 0.4 6.4 3.9

https://github.com/JaspersStijn/SmallSamplePIMFinal /
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» PIM reformulated into GEE framework for better small sample performance

» Especially MBN adjustment + Firth correction
» Sample size as low as 7 per group
» Only for comparing two groups

» GPC based on PI directly translates to other GPC effect sizes:
» e.g. NTB = 2PI-1

» Inference for other effect sizes based on delta method

Any Questions?

stijn.jaspers@uhasselt.be
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