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Context

• In manufacturing, an optimized process 

operates at the target point t

• Products manufactured under this 

condition have the intended quality      

(= the target response)

• Uncontrollable variations occur during 

routine production



Process robustness study

• Quantify to what extent the product quality is affected by variability in 

the process parameters

• We proposed the GID-optimality criterion to construct designs for 

process robustness studies (Technometrics, 2026)



Need for an alternative design strategy

• Analyzing the data from a process robustness study involves 

equivalence tests

• Need to demonstrate that responses under typical variations are 

equivalent to the target response

• The design needs to have enough power to demonstrate equivalence

• correctly conclude equivalence when equivalence exists



Start with one point x

• Notations

o mean response at point x: 

o predicted response at point x: 

o mean response at the target t: 

o predicted response at the target t: 

•
o Estimator             is normally distributed with mean     and 

variance 



Equivalence test

• Hypotheses to be tested

• Rewrite as two sets of one-sided hypotheses:

• Two One-Sided t-Tests (TOST)



• Two test statistics

• Decision rules

o reject H01 if                         

o reject H02 if

• The responses are equivalent iff both H01 and H02 are rejected 

Equivalence test



TL and TU follow a bivariate non-central t-distribution



Univariate non-central t-distribution

Non-centrality parameter = 2, degrees of freedom = 4



TL and TU follow a bivariate non-central t-distribution

• Special case: TL and TU are identical except for their non-

centrality parameters

• Owen (Biometrika, 1965) provided exact formulas for calculating 

probabilities of joint events with this specific t-distribution

• The power for the equivalence test is

• Difficulty: power calculation depends on 

o Construct Bayesian optimal designs by assuming a prior distribution for



The expected proportion of locations in     where the power of the TOST 

exceeds the threshold, averaged over the prior distribution of

PE-Optimality Criterion 

(Powerful Equivalence Testing)

• Sample a large number of points from the region

• For each draw                                    

o Compute the TOST power at every sampled location

o Calculate the percentage of locations where power exceeds the threshold, 

o Weight the result       with

• The quality of a design:                           . Higher value is better



Proof-of-concept PE-optimal designs

• For the TOST procedure

o ,

o

o Power threshold: 0.8

• Prior distribution of    : multivariate standard normal



24-run designs for a response surface model in three factors

Target = [0, 0, 0]

D-optimal design         I-optimal design          A-optimal design             

GID- and PE-optimal design



Target = [1, 0, 0]

GID- and PE-optimal design



Target = [1, 1, 0]

PE-optimal design                 GID-optimal design



PE-optimality criterion values



Robustness design for a vaccine manufacturing process

• 28-run design, 4 quantitative factors for a response surface model, 

• PE-optimal design

o

o and

o





Conclusion

• New PE-optimality criterion, for selecting a design for process robustness 

studies focusing on equivalence testing

o Explicitly incorporates information relevant to equivalence testing

o Maximizes the power of the TOST procedure across the experimental region 

• PE-optimal designs outperform D-, I- and A-optimal designs, especially 

when the target point is not at the center

• PE-optimal designs outperform GID-optimal designs when the designs differ

• When reliable prior information is available, PE-optimal designs that 

incorporate this information perform best
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